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We shall derive uniform decay rates for the total energy of the solutions to the 
Euler-Bernoulli equations wherein energy dissipation occurs on the boundary. The 
main feature which distinguishes this paper from other related works is the fact that 
the boundary feedback is acting through the moments only. The key technical 
element responsible for the proof of the main result is a new regularity estimate for 
the solutions to the nonhomogeneous Schrodinger equation. Q 1992 Academic Press. 
Inc. 
1. INTRODUCTION 
Throughout this paper Q is an open, bounded open domain in R”, n b 2 
with sufficiently smooth (say C3) boundary r. In 52 we consider the 
following feedback problem for the Euler-Bernoulli equation in the 
solution w( t, x): 
w,,+Pw=o in (0, co)xQ2rQ 
i 
w(0, . ) = wo E H#2) 
w,(O, .) = w1 E H -l(Q) 
wl,=O in (0, co)xr=Z 
(l.la) 
(l.lb) 
(l.lc) 
Awl,=$w,l, in (0, co)xf~C, (l.ld) 
where 
Au- -Au; u E 9(A) = H;(Q) n H’(Q). 
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The main goal of this paper is to prove that the energy of the system (1.1) 
decays exponentially to zero in the uniform topology of HA(Q) x H-‘(Q). 
Our main result is: 
THEOREM 1. Let w(t) be the solution to (1.1). Then there exist constants 
C>O.o>O such that 
I4t)l&Q, + Iw,(t)lH-~(R)~Ce~“‘Clw,lH~cn,+ IwII~-~~~J (1.2) 
l~~l,l.,cz,6~cI~,l,~~,,+ IWllH qn,l. (1.3) 
The problem of uniform stabilization of Euler-Bernoulli equation via 
boundary feedback has recently attracted a lot of attention and various 
results are available see [Ll, B-T, L-Tl, O-T]. However, in all these 
works, the dissipative mechanism responsible for the decay of energy is 
acting through the different (than the ones considered in (1.1)) boundary 
conditions (moments and shears in [Ll], Dirichlet boundary conditions 
in [B-T], Neumann boundary conditions in [O-T]). At the same time, it 
has been recognized that the stabilization achieved by using only one feed- 
back control acting as a moment is a more difficult problem and requires 
a different approach. Indeed, so far only partial and incomplete results 
have been available. In [L-T1 1, Euler-Bernoulli model has been con- 
sidered with a dissipation occuring only in the moments. Although the 
uniform decay rates have been established in [L-Tl], this result requires 
very restrictive geometric conditions imposed on the domain Q (roughly 
speaking, these conditions require that Q be a sphere or a “small” small 
deformation of a sphere). Thus, the main contribution of this paper is to 
prove that the system (1.1) can be uniformly stabilized without any 
geometric conditions imposed on Q (other than the usual smoothness 
requirements). The techniques of this paper apply also to the situation 
when the feedback mechanism acts on the portion of the boundary f only. 
In this case, the additional geometric conditions imposed on Q are 
necessary. 
The key new ideas responsible for the proof of the result stated in 
Theorem 1 are the following (i) complexification argument used by [L2] in 
the context of exact controllability, (ii) new regularity estimates for the 
nonhomogeneous abstract Schrodinger equation. 
2. PRELIMINARIES 
We will find it convenient to represent he solution of (1.1) in the semi- 
group form. To accomplish this, we introduce the operators 
D: L2(f) + L,(Q) 
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given by 
Dg=v iff Au=0 and vl,=g. 
It is well known [L-M] 
DE 9'(L2(r); H"'(Q)). (2.1) 
With this notation, Eq. (1.1) admits the following abstract representation 
(i) wJt) + A2w(t) + ADD*w, = 0 on 9(A2)’ 
(ii) w(0) = w0 E 9(A’j2); w,(O) = WI E &41’2)‘, 
(2.2) 
where 9(A)’ stands for the dual (pivotal) space to 9(A) with respect to 
&(Q) inner product (i.e., 9(A) c L,(Q) c 9(A)‘). 
The same arguments as in [L-T2], based on application of Lummer 
Phillips Theorem show, that the problem (2.2) is well posed. This is to say 
that the solution (w, wr) of (2.2) can be written as 
(4 w!)(t) = s(t)(%, WI)> (2.3) 
where S(t) is a Co-semigroup of contractions on the space H = 9(A ‘12) x 
qA”2)‘. 
Let E,(t) be the energy functional defined by 
(2.4) 
where w(t) satisfies (2.2)(i). Multiplying both sides of Eq. (2.2) by K’w, 
and integrating from 0 to t (which procedure is first performed for 
“smooth” initial data and then extended, by density, to the entire space H) 
gives for any a E R and t 3 a 
(2.5) 
Equality (2.5) shows that the energy of the system is nonincreasing. Since 
the norm in H is equivalent to the norm in H;(Q) x H-‘(Q), to establish 
the uniform decay of s(t) as in (1.2) it is sufficient (see [Pl]) to prove that 
there exists T > 0 such that 
IS( g;“(H) < 1. (2.6) 
Inequality (1.3) will follow then from (2.5) and (l.ld). In order to prove 
(2.6) we shall introduce the following change of variables: 
p=A-‘W. (2.7) 
172 I. LASIECKA 
Then the equation for “p” variable becomes 
(i) p,,+A’p+DD*Ap,=O 
(ii) p(0) = A -‘w(O) E g(A 3/2) 
(iii) p,(O) = A .‘w,(O) E S(A ‘12). 
Moreover, for all t > 0 
(2.8) 
&At) = 1‘4 3/2 P(t)lt,co, + 1‘4 “2P&)l L*(R) 
= WP(t)lZ,,,, + IVPtwl:,(a, = L(t). 
Since by Green’s formula [L-T21 
(2.9) 
Lmp= f p; (2.10) 
from (2.5), (2.9) we obtain 
(2.11) 
hence in particular 
for all t 2 0. (2.12) 
3. PROOF OF THEOREM 1 
The major technical estimate needed for the proof of Theorem 1 is given 
by the lemma below: 
LEMMA 3.1. Let T>O be sufficiently large. Let p satisfy Eq. (2.8). Then 
there exists a constant C, > 0 such that 
or equivalently (with w solution to (2.21)) 
E,(T)~C,lD*w,l2,,(,~), (3.2) n 
where C, = r x ( -CL, T + cz) with u > 0 arbitrary but fixed, 
The proof of the Lemma 3.1 is given in Section 4. Assuming, for the time 
being, validity of the Lemma 3.1, we shall prove the result of Theorem 1. 
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From (2.5) we obtain that for any CI > 0 
E,.(TSct)6E,(T). (3.3) 
On the other hand, if we consider the process (w, w,) originating at t = - CI 
with an arbitrary initial data GJ( -a) = (w( -cY), w,( -a)), (2.5) applied with 
a= -a and t= T+cr gives 
IS(T+2c()5(-a)l~+ID*w,l~2(~,,)=ILi~(-t()l~. 
Combining the results of (3.3), (3.4), and (3.2) yields 
(3.4) 
js(T+2z)~(-a)l:+~~,~(T+~)~l~(-or)l:,. (3.5) 
T 
By the semigroup property (w,, w,) = k(O) = S(a)G( --a). Hence, 
E,(T+u)= IS(T+a)(w,, wI)IH= (S(T+2a)G(-a)l,. (3.6) 
From (3.5) and (3.6) 
IS(T+2~)+(-@)l,G I + ;& Ifi,(-a)lH 
T 
hence in particular 
IV+Wl,,,,< 1 
which proves inequality (2.6) with T replaced by T+2a. The proof of 
Theorem 1 will be completed as soon as we establish the validity of 
Lemma 3.1. 
4. PROOF OF LEMMA 3.1 
The proof of Lemma 3.1 follows through a sequence of propositions. 
PROPOSITION 4.1. Let p(t) be a solution of (2.8(i)). Let T>O, 
Z, TX (0, T) and QT E Sz x (0, T). Then there exists a constant C > 0 
(independent on T > 0) such that 
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Proof: Since by (2.10) 
D*AP, =-$ P,, (4.2) 
the “pde” version of the problem (2.8(i)) is the equation 
(i) p,,+A’p+D$,p,=O in QT; 
(4.3) 
(ii) p=Ap=O on C,. 
To prove (4.1), we shall use multiplier’s technique as in [L-T3]. Indeed, 
we first multiply both sides of Eq. (4.3(i)) by h .VAp, where h(x) z x - x0; 
x0 E R” and we integrate over QT. This gives after using the boundary 
conditions (for details see [L-T3, Appendix A]) 
+(P,JV(APH,I,T+ D;p,.hVAp 
( 
. (4.4) 
QT 
Next, we multiply both sides of Eq. (4.3(i)) by Ap and we integrate over 
QT. This yields (after using the boundarv conditions) 
(n/2)[1VPt1tz(QT,- IVAPI~,,,~,,I= (AP, Pr)ni;- Dz ( a or, AP),,. (4.5) 
Combining (4.4) with (4.5), using the regularity of the map D as in (2.1), 
and Poincare inequality gives 
Ibtl :z(Qr) + lvAPl tz(QT) 
+ $AP I I 
2 
+ EIAPI iZ(QT) y 
LAL7) 1 
where E can be taken arbitrarily small. 
The result of Proposition 4.1 follows now from (4.6), (2.12), and one 
more application of Poincare inequality to the last term on the RHS of 
(4.6). I 
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Our next result deals with regularity properties of the abstract 
inhomogeneous Schrodinger equations. Let z(t) be the solution of 
z,=iAz+Du 
z(0) = z,, E zS(A”~). 
(4.7) 
PROPOSITION 4.2. The following estimate holds for the solution z (t) of 
(4.7) 
Remark 4.1. Note that inequality (4.8) does not follow from the 
standard regularity results available for the Schrodinger operator. Indeed 
since eiAr generates a group, and with UEL~(Z~); DuEL,(OT; H’/*(&?))E 
L,(OT; 9(A”4-E ) standard regularity results give z E C(OT; D(A 1/4--E)) c 
C(OT; H ‘I*-‘(Q)). This regularity does not even allow us to define (a/av)z. 
Instead, inequality (4.8) provides us with the gain of an additional “one 
derivative” on the boundary. 
Proof of Proposition 4.2. 
Step 1. Consider first the equation 
v,=iAv+f; 
v(0) = zo. 
(4.9) 
For the solution v of (4.9) we shall prove the following inequality 
d CClf I L2cp7j + IA “*vl LZcp7) + IA “*VI L,~OT;L2~~~J. (4.10) 
LZ(ZT) 
Proof of (4.10). Step 1. Let h(x) be a smooth vector field defined on 
Q and such that hl, = n-outward normal to the boundary IY We multiply 
both sides of Eq. (4.7) by h .VV, and we integrate over QT. This gives 
2i Im(v,, h VU)~~= - (Vu, hG), I:+ i(Av, div h”)o, 
+ (f, div hr!&. (4.11) 
Re(Av, hW,,= -1 If-l:,,z,,-iJQT lVvl* div h 
+;,;, (~G$g),, 
(4.12) 
505/95/l-12 
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Combining (4.11), (4.12), and (4.9) gives 
+ IvI~,~~~ Hi) + IA ‘%I L2(Q7)lA 1’2(div WI L2cPTJ 
and the result of (4.10) follows after observing that IA 1’2~ILI(Rj - 
I4 I H;W)’ 
Step 2. Define the operator L: L2(CT) + L2(QT) by 
(LuNt) = [; eiA(‘-‘) h(z) dz. (4.13) 
Clearly L E 5?(Lz(CT) + C[OT; g(A 1’4-E)]. We shall prove 
L E 9(L&rT) + C[OT; 5q.4 1’2)]. 
Indeed, since 
(4.14) 
IA WA~UI L2(Q) = IA %I L,(Q), 
(4.10) applied with f- 0 yields 
a iAf 
I I 5 e u L*(Zr) 
< CIA 1’24 Lz(Q). 
(4.15) 
(4.16) 
On the other hand, by (2.10), (4.16) is equivalent to 
p*AeiA%l L*(Er) d CIA l/2x) L*(Q). 
By the “lifting” results of [L-T41 (based on duality) we conclude that the 
map 
ALE 9(L&q) + C[Or; CqA “2)‘] 
which result in turn implies (4.14). 
Step 3. We express the solution z(t) of (4.7) via the variation of 
parameter formula, i.e., 
I 
I 
z(t) = eiAZzo + eiA(‘-‘) h(t) dz = eiA’zO + (Lu)(t). (4.17) 
0 
From (4.14) and (4.15) we obtain 
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On the other hand, applying inequality (4.10) with f- Du to the variable 
z, yields 
and by (2.1) and (4.18) 
6 CTClUl LsCZ‘7) + IA 1’2zol L#2)1 
as desired by Proposition 4.2. 1 
PROPOSITION 4.3. Let p(t) he the solution of (2.8(i)). Then there exists a 
constant C,> 0, C> 0 such that 
Proof of Proposition 4.3. By using the variation of parameter formula, 
we express the solution p(t) as 
x 
s 
: [eiA(r-r)-e -iA(r--r)] D; p,(z) dt, (4.19) 
where 
1 
ho = L& A -l Cp(O) + p,(O)] 
b, =i [(2iZ-A)-’ p(O)-A -‘p,(O)]. 
(4.20) 
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Hence, 
(4.21) 
where 
. i 
[ 
AeiAtS1 + k j’ erActer)D g p,(z) dz 
0 1 
=B,(1)+&B2(1)-iB3(z) 
with 
(ii) 
a 
B,(t) = a~ AeiA’(bo + 6,) 
eiActpr)D g p,(z) d7 
(4.22) 
(iii) 
We need to estimate all three terms Bi(t), i = 1 - 3. To estimate the term 
B, we shall use arguments imilar to these in [L.2]. 
Let q5(t)~ C;(R) be such that d(t)= 1 on [0, T] and #(t)=O; t> T+cc 
and t < --c(. We evaluate 
j;, 4(t) jr B,(t) cdl 
where A,, #,, are eigenvalues and eigenvectoh of A. 
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d CTClP(O)l t*(n) + IPm2,,,,,1 (4.24) 
which provides the desired estimate for term B,. 
In order to estimate the term B, in (4.22) we shall use the result of 
Proposition 4.2. Indeed, applying the result of Proposition 4.2 with u = 0 
gives 
g AeiA(.)(bo +6,) =,CIA3’2hllL2(R)+ IA3i2b,lL2,R)] 
LZ(zT) 
by (4.20) 
d CTCIA 3’2P(w Lz(Q) + IA “‘P,(W L2d G cTc4ml/2. (4.25) 
Applying next the result of Proposition 4.2 with z(0) =0 and with 
u = (a/&) p,, we obtain 
(4.26) 
Since eiA’ is a group, the results (4.25) and (4.26) remain valid with L’, 
replaced by C, and 0 by -a (in 4.26). Hence, 
B,(f) drdt 
T+a 
6 
s s 
IB2(t)l dfdf 
-I J- 
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The same argument applied to the term B, gives 
(4.28) 
By collecting the results in (4.21), (4.22), (4.24) (4.27) and (4.28) we 
obtain 
1 I 
2 
G CTCIP(O)l L*(Q) + I P,(O)1 L*(n)1 + qo) + CT -$P* 
b(ZT,) 
which proves Proposition 4.3. m 
Combining the results of Propositions 4.1 and 4.3 yields 
IVPJ2LdQ,) + WA ZLm 
QCT I 1 ;Pl + CE,(O) + CmP(wZ,,,, + IPt(w,,Q,l. LZ(ZTJ 
We shall prove 
F’ROP~SITION 4.4. The following inequality holds : 
TE,V) G IVptl i2cQTl + IV~PI ;m 
2 <CT +-,(T)+ TCIP(O)I;,,,,+ I~,(O)l~~~o,l~ 
LZVTJ 
(4.30) 
Proof: The right hand side of inequality (4.30) follows from (4.29) 
combined with (2.11). As for the left hand side of inequality (4.30) we note 
that from (2.11) we obtain 
(4.29) 
and 
(4.32) 
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Hence, 
(4.33) 
which completes the proof. 1 
Now we are in a position to complete the proof of Lemma 3.1. Indeed, 
by taking T large enough in Proposition 4.4 we obtain 
2 
E,(T) G CT + TCl~(0)12,,,,,+ I~dWt,,,,l~ (4.34) 
L2WTe) 
By applying (2.11) once more, (4.34) implies 
2 
E,(O) G C, + TClP@)I ;,(a) + IPAO)l ~z~nJ. 
LZ(~TJ 
By using the compactness of the injection 9(A li2) x 9(A 3’2) c L,(Q) x 
L,(Q) together with the fact that the only solution to 
p,,+d2p=0 
p=gp=Ap=o on C 
is p = 0 (see [ L3 ] ); we are in a position to apply the well-known compactness- 
uniqueness argument (see, for instance, [L-TS, Sect. 2.41) to deduce that 
there exists a constant C,>O such that 
2 I P(O)1 &2) + IPt(O)l L*(D) G CT 
I I 
$Pt 
LZ(6TJ 
(4.35) 
Inequality (4.34) combined with (4.35) leads to the desired result stated in 
Lemma 3.1. 1 
Remark 4.1. The arguments of this paper apply also to the stabilization 
problem with only Dirichlet boundary control. Indeed, consider equation 
(1. la) with boundary conditions 
a W=-/2W 
av ' 
in .Z (4.36a) 
Aw=O in C. (4.36b) 
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Then, there exist constants C > 0; w > 0 such that 
IA -“2wlL*(n) + IA -3’2w)lL*(R) 
< Ce-“‘[IA-“*woI.,~,,+ IA-3/2~11L2~RJ. (4.37) 
Inequality (4.37) can be easily reduced to inequality (3.1) in Lemma 3.1, 
with variable p defined this time by p - A -*w. 
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